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Response with only two categories
• Example

• Odds ratio and risk ratio

• Quantitative explanatory variable

• More than one variable

• Logistic regression

• Case-control designs
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Example
Use of contraception at �rst intercourse
Data collected in a study of risk factors for
cervical neoplasia (Susanne Krüger Kjær)
Cohort of 11088 women aged 20 to 29,
inhabitants of Copenhagen in 1993.
Among other things, the women were asked
which type of contraception, if any, they used
at their �rst sexual intercourse. A sub-study
(Edith Svare et al., 2002) investigated
predictors for no use of contraception at the
�rst intercourse among 10839 women (244
virgins and 5 non-responders excluded).
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Contraception at 1st intercourse and smoking

Does smoking status at the age at �rst
intercourse matter?

Use of contraception
Smoker No Yes Total
Ever 1199 2609 3808
Never 1505 5526 7031
Total 2704 8135 10839

Chi-square test: χ2(1)=134, p<.0001

Quanti�cation of the e�ect:

Risk ratio: 1199
3808

/
1505
7031

=

0.315/0.214 = 1.47

Odds ratio: 1199
2609

/
1505
5526

=

1199 · 5526
2609 · 1505

= 1.69
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Odds ratio (OR)
• Odds are the ratio between the number of

events of the two types, e.g., sick/healthy
In probabilities

odds =
P (sick)

P (healthy) =
P (sick)

1− P (sick)

• OR=2 implies a doubling of the number of
sick individuals for very-low-risk
populations (for rare diseases OR ≈ RR)
and a halving of the number of healthy
individuals for very-high-risk populations
[RR doesn't work well for high-risk
populations]
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Odds ratio (OR) and risk ratio (RR)
• � RR is limited by the fact that the risk

(probability) cannot exceed 1. This may
lead to problems if both high-risk and
low-risk populations exist.

� OR may vary freely among all positive
numbers no matter the proportion of
diseased in the reference group.

• RR is always between 1 and OR.

• � OR is symmetric. If the opposite event
is in focus, OR is simply inverted:

OR(without contraception) =
1

OR(with contraception)

� RR is asymmetric, thus which outcome
to model nicely must be decided based
on substantial arguments (impossible
for the present example)
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Odds ratio (OR)

Interpretation � beyond the doubling/halving
aspect � well . . .

Deeper insight in the exact value of the OR

probably requires familiarity with odds �
perhaps British gamblers �nd it trivial . . .
BUT: every statistical analysis intend to
describe reality in the simplest possible way.
The approximation to reality will never be
perfect, but the measure of coherence should
preferably apply acceptably to as many people
as possible.
OR has the advantage that �the same e�ect�
may apply to both high risk and low risk
populations. Thus it is more likely that a single
number can be used to estimate the association
for all the relevant individuals
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Use of contraception at the �rst intercourse

Association with year of birth:

Birth Contraception
year No Yes Total
1961 36 81 117
1962 292 594 886
1963 348 902 1250
1964 342 861 1203
1965 313 871 1184
1966 317 889 1206
1967 313 864 1177
1968 246 875 1121
1969 200 849 1049
1970 145 694 839
1971 110 484 594
1972 42 171 213
Total 2704 8135 10839

χ2(11)-test statistic=117.435, p=0.001.
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Odds of unprotected intercourse

Pattern: Straight line with logarithmic vertical
axis. Mathematically:
• logarithmic axis: ln(odds)
• straight line:

ln(odds for birth year X) = a + b ·X
P (�rst intercourse unprotected | birth year X)

=
exp(a + bX)

1 + exp(a + bX)

ln(OR year x+1 relative to year x)
= ln((odds year x+1)/(odds year x))
= ln(odds year x+1) − ln(odds year x) =
a + b(x + 1)− (a + bx) = b, so OR = exp(b).
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Combining the variables

Pattern: Parallel course of two linear curves
with logarithmic vertical axis. Mathematically:
• linear:

ln(odds for a never smoker born year X)
= anever smoker + b ·X

• Parallel:
ln(odds for an ever smoker born year X) =
ln(odds for a never smoker born year X) + c

= anever smoker + b ·X + c · 1{smoker}

An ever smoker compared to a never smoker
born in the same year:
ln(OR) = ln(odds for the ever smoker) −
ln(odds for the never smoker) = c, so
OR = exp(c).
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Logistic regression model

The response Y is always either 0 or 1. We
model the mean which equals the probability
P (Y = 1).

X1, . . . , Xk explanatory variables,
the �exposures�.

The usual linear approach is not appropriate
because probabilities are between 0 and 1, and
straight lines will cross these limits (unless they
are horizontal ∼ no association). One solution
to that problem is to use a linear model after
transforming the probability using the logit
transformation:

logit(p) = ln(
p

1− p
)
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Logistic regression model cont.

Response and exposure are �linked� using logit:

logit(P (Y = 1 |X1 = x1, . . . , Xk = xk)) =
b0 + b1x1 + b2x2 + . . . + bkxk

Estimation using SAS

DATA praevent; SET praevent; _1=1; RUN;
PROC GENMOD DATA=praevent;
CLASS smoker;
MODEL nocontra/_1 = smoker byear
/ DIST=BIN LINK=LOGIT TYPE1 TYPE3 ;

RUN;

[SAS manual:
http://support.sas.com/onlinedoc/913/docMainpage.jsp]

12



Output from PROC GENMOD
The GENMOD Procedure

Model Information
Data Set WORK.PRAEVENT
Distribution Binomial
Link Function Logit
Response Variable (Events) nocontra
Response Variable (Trials) _1
Observations Used 10839
Number Of Events 2704
Number Of Trials 10839

Class Level Information
Class Levels Values
smoker 2 Yes ~No

Criteria For Assessing Goodness Of Fit
Criterion DF Value Value/DF
Deviance 11E3 11936.3513 1.1015

: : : :
: : : :

Log Likelihood -5968.1756
Algorithm converged.
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Output from PROC GENMOD

Analysis Of Parameter Estimates
Standard Wald 95% Chi-

Parameter DF Estimate Error Confidence Limits Square Pr>ChiSq
Intercept 1 165.1749 16.0237 133.7691 196.5807 106.26 <.0001
smoker Yes 1 0.5390 0.0457 0.4494 0.6286 139.06 <.0001
smoker ~No 0 0.0000 0.0000 0.0000 0.0000 . .
byear 1 -0.0847 0.0082 -0.1007 -0.0687 107.92 <.0001
Scale 0 1.0000 0.0000 1.0000 1.0000
NOTE: The scale parameter was held fixed.

LR Statistics For Type 1 Analysis
Chi-

Source Deviance DF Square Pr > ChiSq
Intercept 12177.6509
smoker 12046.3475 1 131.30 <.0001
byear 11936.3513 1 110.00 <.0001

LR Statistics For Type 3 Analysis
Chi-

Source DF Square Pr > ChiSq
smoker 1 137.70 <.0001
byear 1 110.00 <.0001
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�Translation� of parameter estimates

Association with ever smoking:

OR for ever smoker versus never smoker
= exp(0.5390)=1.71,
95% con�dence limits:
exp(0.4494)=1.57 to exp(0.6286)=1.87.

Association with birth year:

OR per year = exp(-0.0847)=0.919,
95% con�dence limits:
exp(-0.1007)=0.904 to exp(-0.0687)=0.934

OR per 5 years = exp(5 · -0.0847)
=exp(-0.4235)=0.65,
95% con�dence limits:
exp(5 · -0.1007)=exp(-0.5035)=0.60
to exp(5 · -0.0687)=exp(-0.3435)=0.71
Note: First multiply by 5, then take the
exponential
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Case-control design

OR =
# diseased exposed
# healthy exposed /

# diseased unexposed
# healthy unexposed

=
# diseased exposed ·# healthy unexposed
# healthy exposed ·# diseased unexposed

=
# diseased exposed

# diseased unexposed /
# healthy exposed

# healthy unexposed

is symmetric in exposure and outcome. This is
the basis for the case-control studies examining
exposure among �cases� and suitable �controls�.
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Matched case-control designs

In frequency-matched case-control design,
the matching variable must be included in the
model � the same way as the matching is done
(e.g., frequency-matching in two-years interval
→ class variable grouping in two-years
intervals)

Individually-matched case-control sampling
designs must be analyzed using conditional
logistic regression.
These designs cannot be analyzed using
PROC GENMOD; the analyses require programs
suitable for survival analysis.
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Individually matched case-control designs
DATA matched; SET rawdata;
if case=1 then dummy_time=1; * cases ;
if case=0 then dummy_time=2; * controls ;

RUN;
PROC PHREG DATA=matched NOSUMMARY;
MODEL dummy_time*case(0)=exposure;

STRATA matchgrp;
RUN;

Here, the variable dummy_time is set to 1 for
cases and 2 for controls to ensure, that the
�event time� for the controls is later than the
�event time� for the case. NOSUMMARY is not
necessary, but is included to avoid a print-out
of number of cases (�Events�) and number of
controls (�Censored�) for each single matched
pair/group.
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